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Abstract
We study nuclear structure of Ni and Cu isotopes, especially neutron-rich ones in the N  40 region
by Monte Carlo shell model (MCSM) calculations in the p f g9d5 model space (0 f7=2, 1p3=2, 0 f5=2,
1p1=2, 0g9=2, 1d5=2). Eects of excitation across N = 40 and Z = 28 gaps are important to describe
properties such as deformation, and we include them by using the p f g9d5 model space. We can
calculate in this large model space without any truncation, as an advantage of the MCSM. In the
MCSM, a wave function is represented as a linear combination of angular-momentum- and parity-
projected deformed Slater determinants. We can study intrinsic shapes of nuclei by using quadrupole
deformations of MCSM basis states before projection. In doubly-magic 68Ni, there are oblate and
prolate deformed bands as well as the spherical ground state in the present calculation. Such shape
coexistence can be explained by introducing the mechanism called Type II shell evolution, driven by
changes of configurations within the same nucleus mainly due to the tensor force. The properties of
other nuclei including intrinsic shapes are also discussed.
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Chapter 1
Introduction
The nucleus has the shell structure composed of the single-particle orbits in the spherical mean poten-
tial. The number of nucleons which corresponds to the filling below a large energy gap between the
orbits is called the magic number. The magic numbers were conceived by Mayer and Jensen [1, 2].
For the stable nuclei, 2, 8, 20, 28, 50, 82, 126 are known as the magic numbers. Nuclei whose proton
or neutron number is the magic number have closed-shell structure. Generally, closed-shell nuclei
show high excitation energies and have spherical shape because nucleons are excited across the large
shell gaps in the excited state. On the other hand, nuclei in the middle of the shell show low excitation
energies and have deformed shape generally because nucleons in the partially occupied orbits can gain
correlation energy by having deformed shape. However, the nuclear shell structure evolves in the ex-
otic nuclei, which have unbalanced proton number Z and neutron number N, and the magic numbers
of the exotic nuclei are dierent from those of stable nuclei. This is known as shell evolution [3].
Nuclear shape is one of the basic features of nuclei. In particular, quadrupole deformation is
fundamental and nuclei have oblate (pancake-like) shape, prolate (rugby-ball-like) shape or nonaxial
shape by quadrupole deformation. In some nuclei, there are eigenstates with dierent shapes at the
lower excitation energy. This is known as shape coexistence. Shape coexistence of spherical and
deformed shapes is explained as follows [4]. Generally, closed-shell nucleus has spherical shape
because large shell gaps restrain nucleon excitation across the gaps. If nucleons are excited across
the gaps and the correlation-energy gain is suciently large, the nucleus can have deformed shape. If
the correlation-energy gain is comparable to the size of the gaps, shape coexistence can occur. Thus,
shape coexistence can occur in nuclei near the shell and subshell gaps. Examples of shape coexistence
have been observed (e.g., 16O [5] or 186Pb [6]).
N = 40 is a magic number of the harmonic oscillator. The large excitation energy of the 2+ yrast
state and the small B(E2; 0+ ! 2+) value in 68Ni (Z = 28, N = 40) indicate that 68Ni is a double-
magic nucleus. On the other hand, the small excitation energies of the 2+ yrast state and the large
B(E2; 0+ ! 2+) values in Cr (Z = 24) isotopes of N  40 suggest the deformation. This change
of N = 40 gap has been studied theoretically [7, 8]. 68Ni shows interesting properties in connection
with the N = 40 and Z = 28 gaps. Ni isotopes, whose proton number is a magic number 28, also
show interesting properties. Some of our calculational results and discussions were published in
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Refs. [8, 9, 10].
Because shape coexistence can be seen in nuclei near the shell gaps, shapes of Ni isotopes related
to the Z = 28 shell gap are interesting. Ref. [11] presented the potential energy surface (PES) of
neutron-rich Ni isotopes including 68Ni and suggested the prolate-deformed 0+2 state of
68Ni. Ref. [12]
presented the PES of 68Ni with a spherical minimum with an oblate softness and described levels
including the 0+2 state of
68Ni. The calculated 0+2 state was not considered to have prolate shape
because of no prolate minimum on the PES. Ref. [13] presented the highly deformed 0+3 and 2
+
2 states
from the shell-model calculations. We predicted oblate-deformed states including the 0+2 state and
highly prolate-deformed states including the 0+3 state [9, 10]. New experimental data for the levels of
68Ni have been reported recently, such as correction of the excitation energy of the 0+2 state [10, 14]
and the observation [13] and the non-observation [15] of the 2202-keV 0+ state.
We can describe the properties of the stable nuclei well by the shell-model calculations in rela-
tively small model space between the large shell gaps, e.g. one major shell. Because the shell structure
evolves in the unstable nuclei, the description of the unstable nuclei is dicult in a small model space,
where the large shell gaps above and below the model space are assumed. Therefore, a large model
space is necessary for describing the properties of both stable and unstable nuclei. We use the p f g9d5
space, which consists of the full p f shell and the 0g9=2, 1d5=2 orbits. We improved the A3DA ef-
fective interaction [16], which has been derived, with certain phenomenological modifications, from
GXPF1A [17], JUN45 [18], and G matrix eective interactions, and use it for the calculations.
We usually diagonalize the Hamiltonian matrix in conventional shell-model calculations. If Hamil-
tonian matrices become huge, the shell-model calculation requires large computer resources. We can
perform the shell-model calculation conventionally in a small model space, but the conventional cal-
culation in a large model space can be almost impossible. We thus use the Monte Carlo shell model
(MCSM) [19] for the calculation in the p f g9d5 space. In the MCSM, a wave function is represented
as a linear combination of angular-momentum- and parity-projected deformed Slater determinants.
Slater determinants before projection can be considered to have information of the intrinsic shape and
we invented a new method to analyze nuclear intrinsic shapes by using these Slater determinants [9].
We can perform shell-model calculations in a large model space and investigate nuclear properties
including the intrinsic shapes by using the MCSM. We shall show results of such MCSM calculations
of Ni (Z = 28) and Cu (Z = 29) isotopes, in comparison to experimental data. All these results are
new, as there has been no MCSM calculations in this region of the nuclear chart.
In Chap. 2, we explain the novelties of this thesis, in comparison to the preceding works. In
Chap. 3, we explain the MCSM and the procedure of calculation, including the extrapolation method
for the MCSM [20, 21]. We then explain details of new analysis method of nuclear intrinsic shapes.
We explain the p f g9d5 space and the eective interaction used in our calculations. The monopole
interaction and eective single-particle energies are also explained. We then explain the treatment of
spurious center-of-mass motion by the prescription of Gloeckner and Lawson [22]. In Chap. 4, we
discuss the results of the calculation. We show the results of the calculations of Ni and Cu isotopes
and discuss the properties of neutron-rich nuclei, especially the shape evolution in neutron-rich Ni
3isotopes. A summary is given in Chap. 5.

Chapter 2
Novelties of this thesis
Nuclear shape is one of the basic features of nuclei. Some of the novelties of this thesis are related to
the description of nuclear shape. We invented a new method to analyze nuclear shape by using prop-
erty of the MCSM method. We predicted nuclear shapes of Ni isotopes by using the analysis method
of nuclear shape, especially shape coexistence in 68Ni. We introduced a new mechanism, type II
shell evolution, and explained that this mechanism enhances the appearance of the shape coexistence.
Our large-scale shell-model calculations in the large model space, p f g9d5, and systematic description
of Ni isotopes are also novelties of this thesis. Some of these novelties have been published in our
papers [9, 10]. We explain these novelties by introducing related studies.
The nuclear shapes of 68Ni have been studied by various approaches. Ref. [11] presented spherical
and prolate minima on the PES of 68Ni and prolate component of the 0+2 state in the framework
of a microscopic collective model based on the Hartree-Fock-Bogoliubov (HFB) theory. Ref. [12]
presented a spherical minimum with an oblate softness on the PES of 68Ni by the constrained Hartree-
Fock (CHF) method using a shell-model eective interaction [23]. The intrinsic quadrupole moments
of the calculated states of the shell model can be inferred by using properties such as spectroscopic
quadrupole moments or the B(E2) values. Ref. [13] presented the highly deformed 0+3 and 2
+
2 states
from the shell-model calculations using the LNPS eective interaction [7].
Our new analysis method of intrinsic shape is explained in detail in Sec. 3.7. We clearly exhibit
the information of the intrinsic shape of the MCSM wave function by plotting circles representing
nuclear shapes of the calculated states on the PES in this method. We can see properties of nuclear
shapes in detail similar to the mean-field approaches for each precisely calculated state by the shell
model. Thus, this method has both advantages of the mean-field and shell-model approaches.
The nuclear shapes of 68Ni are discussed in detail in Sec. 4.3. The PES of 68Ni from our cal-
culations has spherical, oblate and prolate minima. This feature is consistent to the preceding stud-
ies [11, 12]. Our results of the MCSM calculations show two rotational bands of 68Ni. One is the
oblate-deformed band of the 0+2 , 2
+
1 , 4
+
1 and 6
+
1 states. A band on the 0
+
2 state in
68Ni was predicted [12].
The other is the prolate-deformed band of the 0+3 , 2
+
2 , 4
+
2 and 6
+
2 states. Highly deformed 0
+
3 and 2
+
2
states of 68Ni were predicted by the shell-model calculation [13]. Although some of these features
were obtained in preceding studies individually, we firstly succeed in providing a unified description
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of the Ni isotopes including 56;68;78Ni, and clearly demonstrate the various structure of these isotopes
by a novel method to analyze intrinsic shape of the MCSM wave function.
This shape coexistence in 68Ni can be explained by using the mechanism of Type II shell evolution.
Type II shell evolution is explained in detail in Sec. 4.4. Type II shell evolution is the change of shell
structure caused by the tensor force and changes of configurations within the same nucleus. There are
states with dierent shell structure in 68Ni by Type II shell evolution. In the spherical states, shell gaps
are large and few nucleons are excited across the shell gaps. In the deformed states, shell gaps are
small and many nucleons are excited across the shell gaps. These changes of shell structure appear
self-consistently and the shape coexistence occurs.
Several shell-model calculations with dierent eective interactions have been performed for
neutron-rich Ni isotopes in preceding works. The comparisons with these preceding results are shown
in Sec. 4.1. The model spaces used in Refs. [18, 23, 24] do not include proton orbits below the Z = 28
gap and proton excitation cannot be treated in such model spaces. The model space of the LNPS eec-
tive interaction [7] consists of the proton full p f shell and the neutron 1p3=2, 0 f5=2, 1p1=2, 0g9=2, 1d5=2
orbits and proton excitation can be treated. The detail of the LNPS eective interaction is unpublished
and published results of the shell-model calculations using the LNPS eective interaction are limited.
We use the p f g9d5 model space, which consists of the full p f shell and the 0g9=2, 1d5=2 orbits, for the
MCSM calculations and we can treat proton excitation. We show systematically calculated results of
Ni isotopes in this thesis.
Chapter 3
Methods and eective interaction
3.1 Shell-model calculation
In the shell model, we consider nucleons confined in a mean potential. There are single-particle orbits
such as 0s1=2, 0p3=2, 0p1=2, 1s1=2, 0d5=2, 0d3=2, : : : in the potential. In usual shell model calculations,
we assume a spherical inert core consisting of some single-particle orbits from 0s1=2. The orbits in
the core are considered to be fully occupied and particle-hole excitation from the core is not treated
explicitly. The nucleons outside the core are called valence nucleons. We treat several single-particle
orbits above the core and call them valence orbits. Thus, we treat valence nucleons in the valence
orbits in the shell model. We consider the single-particle wave functions as those of the harmonic
oscillator potential. We use an eective interaction and operators in order to include eects from
outside of the valence orbits. The ~! of the harmonic oscillator is usually evaluated as ~! = 41A 1=3
or ~! = 45A 1=3   25A 2=3 and we use the former for the calculations.
A general Hamiltonian of the shell model is represented as
H =
X
i
ic
y
i ci +
1
4
X
i; j;k;l
vi; j;k;lc
y
i c
y
jclck; (3.1)
where cyi and ci are the creation and annihilation operators of a nucleon in a single particle state i. We
consider a finite-dimensional Hilbert space spanned by many-body basis states with certain number of
protons and neutrons and diagonalize the Hamiltonian matrix in the space in order to calculate energy
eigenvalues and eigenstates. There are several choices of many-body basis states in order to calculate
states with spin and parity JP. In the J scheme, we use many-body basis states with definite values
of the total angular momentum J and the z-component of the total angular momentum M. In the JT
scheme, we use many-body basis states with definite values of J, Jz and the total isospin T . The
dimension of the Hamiltonian matrix is relatively small in these two schemes, but the representation
of many-body basis states is much complicated. In the M scheme, we use many-body basis states
with definite value of M. The dimension of the Hamiltonian matrix is comparatively large in the M
scheme, but we can represent many-body basis states simply as
cyi1c
y
i2
   cyin j0i; (3.2)
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where the sum of the z-component of the angular momentum of single particle states is M. The M
scheme is usually used for large-scale shell-model calculations. The Lanczos method is used to di-
agonalize the Hamiltonian matrix and was introduced to the JT -scheme shell-model calculation [25]
and the M-scheme shell-model calculation [26].
We can diagonalize the Hamiltonian matrix in the model space whose M-scheme dimension is
about 1011 at most by using the Lanczos method. However, a larger model space is necessary to de-
scribe nuclei such as exotic nuclei and heavy nuclei. Therefore, certain approximations are necessary
to perform calculations in such a large model space.
The particle-hole truncation is a common approximation in the shell-model calculation. In the
approximation, we restrict limits for the number of nucleons excited from some orbits to the other
orbits. We can describe states with closed shell structure well in the approximation. However, it is
dicult to describe highly deformed states, in which many nucleons are excited. To describe such
states, we must consider what particle-hole excitation is essential and make the approximation in
which we can treat such excitation suciently. In interpreting the calculational results, we must
consider eects of the approximation carefully. For example, Ref. [7] used a large model space which
consists of the proton 0 f7=2, 1p3=2, 0 f5=2, 1p1=2 orbits and the neutron 1p3=2, 0 f5=2, 1p1=2, 0g9=2, 1d5=2
orbits and performed shell-model calculations with the particle-hole truncation.
3.2 Monte Carlo shell model
We use the p f g9d5 model space for shell-model calculations. The dimension reaches 51015 for 68Ni
0+ states in p f g9d5 space. We do not use conventional diagonalization of Hamiltonian matrix by the
Lanczos method. We use the MCSM [19] to calculate in the large model space.
In the MCSM, we approximate states with linear combinations of a small number of angular-
momentum-projected, parity-projected deformed Slater determinants (MCSM bases). We diagonalize
the Hamiltonian matrix in the small subspace spanned by MCSM bases to obtain eigenstates and their
energy eigenvalues. Because we can use highly deformed Slater determinants, we can describe highly
deformed states where many nucleons are excited across the shell gaps. MCSM bases are determined
by variational methods so that the energy eigenvalue is minimized.
MCSM basis is an angular-momentum- and parity-projected Slater determinant and Slater deter-
minant before projection has information of nuclear intrinsic shape. We can use this information to
analyze intrinsic shapes of calculated eigenstates. This analysis method is explained in Sec. 3.7. In
Ref. [8, Sec. 3], a similar method was used to calculate density distribution of the intrinsic shape in
the no-core MCSM. This method also uses information of MCSM basis before projection.
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3.3 MCSM wave function
The MCSM wave function j	i is given as
j	i =
X
n
JX
K= J
fn;KPJMKP
j ni; (3.3)
j ni =
Y
k
0BBBBB@X
l
D(n)lk c
y
l
1CCCCCA j i; (3.4)
where j ni is a Slater determinant, and PJMK , P are angular-momentum, parity projectors, respec-
tively. Coecients fn;K are determined by the diagonalization of the Hamiltonian in the subspace
spanned by MCSM bases PJMKP
j ni. The MCSM wave function j	i is a linear combination of
MCSM bases. Matrices D(n)lk determine deformed Slater determinants. D
(n)
lk are regarded as variables
in variational methods to minimize the energy eigenvalue. D(n)yD(n) = 1 is required for orthonormal-
ization of single-particle states in the Slater determinants.
The angular-momentum projector PJMK is defined by
PJMK =
2J + 1
82
Z
d
DJMK(
)e
iJzeiJyeiJz ; (3.5)
where 
 = f; ; g is an Euler angle. The integration of the Euler angle is done numerically with
a large number of mesh points. Because this integration consumes much time, we calculate on each
mesh point parallelly.
Because the MCSM bases are non-orthogonal, in order to calculate the expectation value of oper-
ator O, we must calculate matrix elements h njPJMKPOPJM0K0P
0 j n0i and h njPJMKPPJM0K0P
0 j n0i. If
O is a scalar operator, O commutes with PJMK , P
. By using the relations [27]
PJMKP
J0
M0K0 = JJ0M0KP
J
MK0 ; (3.6)
PP
0
= 0P; (3.7)
we can rewrite the matrix elements as
h njPJMKPOPJM0K0P
0 j n0i = M0K0h njOPJMK0Pj n0i; (3.8)
h njPJMKPPJM0K0P
0 j n0i = M0K0h njPJMK0Pj n0i: (3.9)
Thus, we can calculate the matrix elements with only one projection. For non-scalar operators like
electromagnetic multipole operators, we can calculate the matrix elements with only one projection
similarly.
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3.4 Relation to auxiliary field Monte Carlo
We can use the imaginary time evolution to obtain the ground state. If the imaginary time evolution
operator e H acts on an initial state j i, we obtain the ground state at the imaginary time  ! 1.
However, because the Hamiltonian contains two-body interaction generally, the treatment of e H is
complicated. We can use the Hubbard-Stratonovich transformation to treat e H more easily.
The Hamiltonian containing two-body interaction can be rewritten as
H =
X

(EO +
1
2
VO2); (3.10)
by using one-body operators O. The one-body Hamiltonian h(~) is defined as
h(~) =
X

(E + sV)O; (3.11)
where s = 1(= i) for V < 0(> 0) and  is an auxiliary field. By using h(~), the imaginary time
evolution operator e H can be approximated as
e H 
Z 1
 1
Y

d
 
jVj
2
!1=2
G(~)e h(~); (3.12)
where G(~) is the weight defined as
G(~) = exp
0BBBBB@ X


2
jVj2
1CCCCCA ; (3.13)
and ~ are random auxiliary fields. Eq. (3.12) becomes exact at the limit of small  because the
O’s do not commute with each other in general. In the auxiliary field Monte Carlo, we divide the
imaginary time  and approximate the integration with a Monte Carlo sampling.
If the imaginary time evolution operator of one-body Hamiltonian acts on Slater determinant
states, we obtain dierent Slater determinant states. Therefore, if we choose a Slater determinant
as the initial state and take a Monte Carlo sampling, we can express the ground state as the linear
combination of Slater determinants. However, the convergence is slow and we cannot calculate the
excited states in the Monte Carlo method.
By using the Monte Carlo sampling, we can express the imaginary time evolved state as
e H j i 
X
MC:~
e h(~)j i; (3.14)
where MC stands for Monte Carlo sampling. The e H j i can be regarded as the superposition of
e h(~)j i and we can regard e h(~)j i as the bases. In the MCSM, we use the imaginary time evolu-
tion operator with auxiliary fields e h(~) to search for candidates for MCSM bases. We use only bases
which lower the energy eigenvalues suciently in the subspace spanned by MCSM bases. Therefore,
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we can approximate eigenstates better with fewer bases. Moreover, by lowering several energy eigen-
values simultaneously, we can obtain excited states.
We consider a Slater determinant state as
j i =
Y
k
0BBBBB@X
l
Dlkc
y
l
1CCCCCA j i: (3.15)
The h(~) is a one-body operator and can be written as
h(~) =
X
i j
Ti jc
y
i c j; (3.16)
where Ti j is a matrix. Then, the imaginary time evolved state can be written as
e h(~)j i =
Y
k
0BBBBB@X
l

e TD

lk
cyl
1CCCCCA j i; (3.17)
where e T is the exponential of the matrix  T .
3.5 Basis generation
The MCSM bases are generated as follows. We make candidates for a new basis and calculate the
energy eigenstates in the subspace spanned by MCSM bases already selected and a candidate. Then,
we select the basis which lowers the energy eigenstates the most and improve it to lower energy
eigenstates further.
The generation for each MCSM basis consists of 3 steps:
1. Choice of the initial state
2. Imaginary time evolution with auxiliary fields
3. Conjugate gradient method
3.5.1 Choice of the initial state
Because both the imaginary time evolution with auxiliary field and the conjugate gradient method are
local search methods, we must choose the appropriate initial state to obtain the global minimum. The
initial state should be a Slater determinant and we use the solutions of Hartree-Fock (HF) and those of
constrained HF (CHF) with the constraints of the quadrupole deformation. We can obtain deformed
bases by setting the initial values of the quadrupole moment appropriately. Next, we make candidates
for the initial state by acting the imaginary time evolution operators e h(~) of dierent ~’s on the
solutions of HF and those of CHF. Then, we adopt the basis that lowers the energy eigenstates the
most as the initial state.
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The PES is useful to determine the initial values of the quadrupole moment. The CHF energies
with the constraints of each quadrupole moment are plotted in the PES. Examples of PES are shown in
Fig. 4.3. The PES is calculated by using the same eective interaction used in theMCSM calculations.
There is more than one minimum point for some nuclides. We set the initial values of the quadrupole
moment around the minimum points.
3.5.2 Imaginary time evolution with auxiliary fields
We use the imaginary time evolution as a variational method to minimize the energy eigenvalue.
As explained in Sec. 3.4, the matrix Dlk changes by the imaginary time evolution with the one-
body Hamiltonian h(~). Suppose that the MCSM bases j 1i; : : : ; j ni are fixed already and j i is the
candidate for the (n + 1)-th MCSM basis. We act the imaginary time evolution operator e h(~) on
j i and compare the energy eigenvalues in the subspace spanned by fj 1i; : : : ; j ni; e h(~)j ig with
those in the subspace spanned by fj 1i; : : : ; j ni; j ig. If it does not lower the energy eigenvalues
suciently, we use the dierent auxiliary field ~. If it lowers the energy eigenvalues suciently, we
replace the candidate j i with e h(~)j i and iterate this procedure until the energy eigenvalues lower
suciently.
3.5.3 Conjugate gradient method
The search for theMCSM bases is the minimization of the energy eigenvalues in the subspace spanned
by the MCSM bases. Therefore, we can use the (nonlinear) conjugate gradient (CG) method [28],
one of the general minimization methods for multivariable functions. Because the MCSM basis is
determined by D(n)lk in Eq. (3.4), we consider D
(n)
lk as variables for the CG method.
The CG method is an improvement on the steepest descent method. In the steepest descent
method, we calculate the minimum of the multivariable function f (~P) as follows,
~gi =  ~r f (~Pi); (3.18)
~Pi+1 = ~Pi + i~gi; (3.19)
where i is determined to minimize f (~Pi+1).
In the CG method, we modify this procedure as follows,
~gi =  ~r f (~Pi); (3.20)
~h0 = ~g0; (3.21)
i =
(~gi+1   ~gi)  ~gi+1
~gi  ~gi ; (3.22)
~hi+1 = ~gi+1 + i~hi; (3.23)
~Pi+1 = ~Pi + i~hi; (3.24)
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where i is determined to minimize f (~Pi+1). We use Polak-Ribiere formula for the definition of i. In
the search for the n-th MCSM basis, the variables ~P are D(n)lk and the function f (~P) is the calculated
energy eigenvalue with the MCSM bases including the n-th one.
If we use the CG method for the quadratic function in the n-dimensional space, we obtain the
exact solution after n steps at most. Because we can approximate the function around the minimum
point with the quadratic function, we expect faster convergence in the CG method than in the steepest
descent method around the minimum point. Therefore, we use the CG method after we obtain the
MCSM basis around the minimum point by the imaginary time evolution with auxiliary fields.
3.5.4 Refinement of MCSM bases
In the sequential search for the MCSM basis j ni, we use only j 1i; : : : ; j ni and we do not use
j n+1i; : : : ; j Ni. Therefore, we can improve the MCSM basis j ni by lowering the energy eigenvalues
in the subspace spanned by fj 1i; : : : ; j ni; : : : ; j Nig. Thus, we can improve the wave functions in the
same number of the MCSM bases and avoid spending much time calculating with the large number
of the MCSM bases.
3.6 Extrapolation method
In the MCSM, observables converge as the number of the MCSM bases increases. We can obtain
more accurate observables by the extrapolation using the energy variance [20, 21]. Suppose that we
have N MCSM bases fj 1i; : : : ; j Nig and j	ni is the eigenstate in the subspace spanned by nMCSM
bases fj 1i; : : : ; j nig (n  N). The expectation value of the energy is En = h	njHj	ni. The energy
variance is
hH2in = h	njH2j	ni   h	njHj	ni2: (3.25)
Generally, the energy variance decreases and the energy expectation value approaches the energy
eigenvalue as n increases. When the wave function becomes the exact eigenstate, the energy variance
and the energy expectation value become zero and the exact energy respectively. We extrapolate the
points for dierent n to obtain energies. We use second-order extrapolation for the energy as
E = a + bhH2i + chH2i2: (3.26)
The result of the extrapolation is a. The initial application of the extrapolation using energy variances
in the MCSM has been studied in Ref. [20].
If we reorder the MCSM bases, the subspace spanned by fj 1i; : : : ; j Nig is same but j	ni’s are not
same. For example, j	Ni is kept same however we reorder the MCSM bases, but j	N 1i depends on
what MCSM basis is j Ni. Then, we choose j Ni to minimize the gradient EN 1 ENhH2iN 1 hH2iN . Similarly,
we choose j ni to minimize the gradient En 1 EnhH2in 1 hH2in . This reordering improves the extrapolated
energies empirically. Note that the reordering technique in the extrapolation has been studied in
Ref. [21].
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3.7 Analysis of nuclear intrinsic shape
Equations (3.3) and (3.4) show that the MCSM wave function j	Ni is a superposition of Slater deter-
minants j ni with angular-momentum and parity projection. The MCSM wave function is angular-
momentum- and parity-projected and we can obtain limited information of the intrinsic shape from
the projected wave function. j ni before the projection contains information of the intrinsic shape and
we can analyze nuclear intrinsic shapes more directly by using unprojected MCSM bases j ni.
We calculate (mass) quadrupole moments Q0 and Q2 of each j ni as follows. Because each j ni
is not oriented uniformly in a sense of quadrupole deformation, we calculate expectation value of
quadrupole moment matrix,0BBBBBBBBBBB@
Qxx Qxy Qxz
Qyx Qyy Qyz
Qzx Qzy Qzz
1CCCCCCCCCCCA /
0BBBBBBBBBBB@
3x2   r2 3xy 3xz
3yx 3y2   r2 3yz
3zx 3zy 3z2   r2
1CCCCCCCCCCCA ; (3.27)
and diagonalize it by rotation so that Qxy = Qyz = Qzx = 0 and Qzz  Qxx  Qyy hold. Then, we can
obtain Q0 and Q2 as
Q0 
r
16
5
r2Y02 = 2z
2   x2   y2; (3.28)
Q2 
r
16
5
r2Y22 =
r
3
2
(x2 + 2ixy   y2) =
r
3
2
(x2   y2); (3.29)
and Q0  0 and 0  Q2 
p
3=2Q0 hold.  is written as
tan  =
p
2Q2
Q0
; (3.30)
and 0    60 holds. If the nuclear shape is prolate, Qzz > Qxx = Qyy and  = 0 hold. If the shape
is oblate, Qzz = Qxx > Qyy and  = 60 hold. If the nucleus is triaxially deformed, Qzz > Qxx > Qyy
and 0 <  < 60 hold.
We calculate overlap probability between projected MCSM basis PJMKP
j ni for each n and the
MCSM wave function j	Ni as follows. For J = 0, we can calculate the overlap probability simply ash	N jPJ=0M=0;K=0Pj ni2
h njPJ=0M=0;K=0Pj ni
: (3.31)
For J , 0, we construct 2J+1 orthonormal bases jii from non-orthonormal MCSM bases PJMKPj ni
with dierent K and calculate the overlap probability as
2J+1X
i=1
jh	N jiij2 : (3.32)
We place circles corresponding the bases j ni on the PES in order to visualize property of nuclear
shape and its fluctuation. The PES is calculated with the same interaction used in the MCSM calcula-
tions. The circle is located at Q0 and Q2 of corresponding basis and its size (i.e. area) is proportional
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to the overlap probability between the projected basis and the wave function. The location of the
circle implies the intrinsic shape of the basis and its size implies the importance of it in the eigenstate.
The MCSM bases PJMKP
j ni are not orthogonal to each other, in general, but we can study the in-
trinsic shapes of the shell-model eigenstate from the distribution pattern of the circles. The detailed
discussions with examples are given in Sec. 4.2.
The methods to analyze nuclear shapes were explained in Ref. [4]. Mean-field approaches give the
intuitive picture of nuclear shapes such as the PES (e.g. [11]). Shell-model approaches can describe
nuclear properties accurately, but the nuclear shape has to be inferred from calculated values such as
spectroscopic quadrupole moments or the B(E2) values. In our new method, nuclear properties are
described accurately by the MCSM calculations. The MCSM basis before angular-momentum and
parity projection is a Slater determinant and has similarities to the mean-field solution. We can use
the MCSM bases and show the intuitive picture of nuclear shapes. The PES and the distribution of the
circles are consistent because both are calculated with the same interaction. Thus, our new method
has both accuracy of the shell-model methods and the intuitive picture of the mean-field approaches.
3.8 Model space
The shell-model calculation in a large model space is dicult because of the computational limitation.
Therefore, relatively small model spaces, such as one major shell, are often used. Even in a small
model space, we can include the eects of the orbits outside the model space to some extent by
using the eective interaction. However, it is necessary to expand the model space explicitly for the
description of the nuclear structure where those eects are essential.
The model spaces between the large shell gaps are often used to describe the structure of the
stable nuclei. For example, one major shell is between neighboring gaps of the harmonic oscillator.
However, the shell structure evolves in the unstable nuclei, and the shell gaps of the unstable nuclei
are dierent from those of the stable nuclei. The larger model space is necessary for the description
of the evolution of the shell structure and the unified description of stable and unstable nuclei.
To describe the properties of nuclei related to N = 40 gap, the 0g9=2, 1d5=2 orbits are added to
p f -shell. This model space is called the p f g9d5-shell, which consists of the 0 f7=2, 1p3=2, 0 f5=2, 1p1=2,
0g9=2, 1d5=2 orbits. We use this model space to investigate the N  40 nuclei.
3.9 Monopole interaction and eective SPE
The monopole interaction is an average two-body interaction over all orientations. The monopole
matrix element is defined as
VTi j =
P
J(2J + 1)hi jjV ji jiJTP
J(2J + 1)
; (3.33)
where i, j are single-particle orbits. If orbits are filled, eects of angular-dependent components of
the interaction vanish. Therefore, the monopole interaction is important.
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The energy of angular-independent components of the interaction is calculated with the bare
single-particle energies (SPEs) and the monopole interaction as
E =
X
i
i(ni + ni) +
X
i
VT=1ii
 
1
2
ni(ni   1) + 12ni(ni   1)
!
+
X
i< j
VT=1i j (nin j + nin j)
+
X
i
2JiVT=1ii + (2Ji + 2)V
T=0
ii
2(2Ji + 1)
nini +
X
i, j
VT=1i j + V
T=0
i j
2
nin j; (3.34)
where i is the bare SPE of the orbit i, Ji is the angular momentum of the orbit i, and ni (ni) is the
proton (neutron) occupation number of the orbit i. The first term in Eq. (3.34) is the energy of the
bare SPEs. The second and third terms are the p-p and n-n energies of the monopole interaction,
which depend on T = 1 components. The fourth and fifth terms are the p-n energies of the monopole
interaction, which depend on T = 0; 1 components. T = 0; 1 components are averaged evenly for
dierent orbits. However, T = 0; 1 components are averaged unevenly for same orbits.
The eective SPE (ESPE) is the SPE including eects of the monopole interaction with valence
nucleons. ESPE is defined as follows. The normal configuration is assumed for a given nucleus. In
the normal configuration, nucleons are filled in certain order of orbits. The ESPE of an occupied orbit
is the nucleon separation energy of the orbit with the opposite sign. The ESPE of an unoccupied orbit
is the additional binding energy by putting a nucleon into the orbit with the opposite sign. The energy
is calculated by Eq. (3.34).
3.10 Eective interaction
We use the eective interaction used in Refs. [8, Sec. 4][9]. Two-body matrix elements (TBMEs)
of the interaction consist of three parts. TBMEs in the p f shell are those of the GXPF1A inter-
action [17] and TBMEs in the f5pg9 space related to the 0g9=2 orbit are those of the JUN45 inter-
action [18]. The GXPF1A and JUN45 interactions were determined by combining microscopically
derived interactions with a minor empirical fit. The other TBMEs are from the G-matrix eective
interaction [29, 30] calculated with the chiral N3LO interaction [31]. The Coulomb interaction is not
considered and the isospin symmetry is conserved. We made further modifications of single-particle
energies and monopole interactions.
3.11 Treatment of spurious center-of-mass motion
In the shell-model calculations, the spurious center-of-mass motion can be mixed into wave functions.
The center-of-mass excitation in the mean field is unphysical and should be removed. Some small
model spaces do not contain spurious center-of-mass states. For example, one major shell does not
contain spurious center-of-mass states because all orbits have the same parity. The f5pg9 space does
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not contain spurious center-of-mass states because any two orbits have the same parity or angular mo-
menta whose dierence is more than one. However, the p f g9d5 space is large and contains spurious
center-of-mass states. Therefore, we must remove spurious center-of-mass components.
The prescription of Gloeckner and Lawson [22] is adopted to remove spurious center-of-mass
motion. In this prescription, we diagonalize
H0 = HSM + c:m:Hc:m:; (3.35)
where HSM is the original shell-model Hamiltonian. Hc:m: is defined as
Hc:m: =
~P2
2AM
+
1
2
MA!2~R2   3
2
~!; (3.36)
where ~R and ~P are the coordinate and momentum of the center of mass. We can remove the spurious
center-of-mass motion by taking large value of c:m:. In this study, we take c:m: as
c:m:
A ~! = 5 MeV.

Chapter 4
Results and discussions
4.1 Ni isotopes
We compare excitation energies of the 2+1 state of neutron-rich Ni isotopes from experiments and
several shell-model calculations using dierent eective interactions in Fig. 4.1. The LNPS interac-
tion [7] was determined in the model space which consists of the proton full p f shell and the neutron
1p3=2, 0 f5=2, 1p1=2, 0g9=2 and 1d5=2 orbits. The LNPS interaction can reproduce properties of nuclei
in this region well but energies of the 2+1 state near
74Ni [33] are lower than the experimental val-
ues. The JUN45 [18] and jj44b [24] interactions were determined in the f5pg9 model space, which
consists of the 1p3=2, 0 f5=2, 1p1=2 and 0g9=2 orbits. The Lisetskiy interaction [23] was determined in
the neutron f5pg9 model space. Protons are not considered in the calculations of Ni isotopes using
the JUN45, Lisetskiy and jj44b interactions and the states with proton excitation cannot be described.
Calculated energies using the Lisetskiy interaction reproduce the experimental values well because
some experimental energies of Ni isotopes were used in the fit of the interaction. Our MCSM calcu-
lations reproduce the experimental values. Energy of the 2+1 state of
78Ni can be calculated in a model
space including neutron 1d5=2 orbits. The calculations using our interaction and the LNPS interaction
predict dierent 2+1 energy of
78Ni. This energy is related to the size of the N = 50 shell gap.
We show our calculational results in detail. We calculated the 0+1;2, 2
+
1;2, 4
+
1;2, 6
+
1;2 and 8
+
1;2 states of
Ni (Z = 28) even-even nuclei from 56Ni to 78Ni systematically. Excitation energies of yrast and yrare
states are shown in Fig. 4.2 (a), (b). Our calculations reproduce experimental trends well. Higher
2+1 energies of
56;68;78Ni (N = 28; 40; 50, respectively) indicate double magicity of these nuclei. We
shall discuss this double magicity later. Figure 4.2 (c) shows B(E2; 0+1 ! 2+1 ) values and these were
calculated with proton and neutron eective charges, 1.5 and 0.5, respectively. Experimental val-
ues of Ref. [37] (shown by blue, compilation) are larger than calculated values at N = 40; 44. The
experimental value of 74Ni was obtained by model-dependent conversion from quadrupole deforma-
tion 2. The B(E2; 0+1 ! 2+1 ) value (shown by red) was recently measured by coulomb excitation
experiment [38]. This is smaller than the previous experimental value and agrees with the calculation.
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Figure 4.1: Comparison of experimental excitation energies of the 2+1 state of Ni isotopes with cal-
culations. Experimental data [32] are shown by black line and open squares. Experimental errors of
energies are negligibly small and not shown. Calculational data are shown for the present MCSM
calculations (red line with filled squares), shell-model calculations using LNPS [7, 33] (brown line
with open circles), JUN45 [18] (green line with filled circles), Lisetskiy [23] (blue line with open
triangles), and jj44b [24] (purple line with filled triangles) interactions.
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Figure 4.2: Energy levels for (a) yrast and (b) yrare states of Ni isotopes with even N. Symbols
are experimental data [10, 14, 32, 34, 35, 36] for J = 0+ (black triangles), 2+ (open red squares),
4+ (green filled squares), 6+ (open blue circles), and 8+ (filled purple circles). Lines are the present
MCSM calculations with the same color code. Experimental errors of energies are negligibly small
and not shown. (c) B(E2; 0+1 ! 2+1 ) values from experiment (blue [37], red [38]) and by the present
calculation (green). Ref. [37] presents recommended values of B(E2) from analysis of large amounts
of experimental data and Ref. [38] reports more recent B(E2) value of 74Ni. The MCSM calculations
reproduce experimental trends well.
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4.2 Shape evolution in Ni isotopes
As explained in Chap. 1, shape coexistence can occur in nuclei near the shell gaps. We discuss shapes
of Ni isotopes by using the PES and our new analysis method. Figure 4.3 shows PESs of Ni isotopes.
The PESs were obtained from Q-constrained Hartree-Fock calculations [27] with the same eective
interaction used in the MCSM calculations. In 68;70;72Ni, there are several minima and it suggests
shape coexistence. The prolate minima of 70;72Ni are deeper than that of 68Ni. In 74;76Ni, there is a
wide minimum and the energy is less dependent on . It suggests -soft deformations. In 78Ni, there
is a narrow and deep minimum due to doubly-magic property by Z = 28 and N = 50 gaps. The PESs
of 68;70;72;74;76;78Ni calculated in the framework of a microscopic collective model based on the HFB
theory were presented in the preceding work [11]. These PESs also have a prolate minimum in 68Ni.
The prolate minimum disappears as neutron number increases and there is no prolate minimum in
70;72Ni, contrary to our calculations. We are not able to know deformation property of each state only
by PES and we discuss deformation of each state by using information from calculated MCSM wave
function.
We cannot study the intrinsic deformations of 0+ states directly in ordinary shell-model calcula-
tions because wave functions of 0+ states are spherical. In the MCSM, we can study deformations
including 0+ states by using MCSM bases before angular-momentum projection, as explained in Sec.
3.7. Figure 4.4 shows PESs of 68Ni. There are three minimum points corresponding to spherical,
oblate and prolate shapes in the PES. A circle on the PES corresponds to a MCSM basis and its loca-
tion indicates quadrupole moments of the MCSM basis. The area of it represents overlap probability
between the MCSM basis and the eigenstate.
Figure 4.4 (a) shows property of the ground state. Large circles are located around the spherical
point, Q0 = Q2 = 0. In general, there can be many circles close to one another. Each circle represents
a Slater determinant and a two-body interaction, particularly its pairing components, mixes dierent
Slater determinants. Thus, an eigenstate is represented as a superposition of those Slater determinants.
The Slater determinants have similar shapes because the mixing between Slater determinants with
similar shapes can occur. The spread distribution of circles around the spherical point implies the
extent of the shape fluctuation. Figure 4.4 (b) shows the same plot of the 0+2 state. There are many large
circles around the oblate minimum and we can see the 0+2 state has an oblate-deformed shape. There
is no clear barrier between the spherical and oblate minima of the PES and the antisymmetrization
pushes the 0+2 state away from the ground state. Similar situations occur in other nuclei, particularly
in the 0+2 state in
76Ni. Figure 4.4 (c) shows the same plot of the 0+3 state. Large circles are located
around the prolate minimum point and indicate the 0+3 state is prolate deformed. There is a high barrier
between near-spherical and prolate regions and mixing of the bases across the barrier is negligible.
Figure 4.4 (d) shows the same plot of the 2+1 state. The distribution patterns of the 0
+
2 and 2
+
1
states are quite similar and suggest the formation of the modestly oblate band. Figures 4.4 (f) and
(h) show similar distributions for the 4+1 and 6
+
1 states, respectively, and suggest these states are also
in the oblate band. Figures 4.4 (e), (g) and (i) show distribution patterns of the 2+2 , 4
+
2 and 6
+
2 states,
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respectively, and these are similar to that of the 0+3 state. This suggests the formation of the strong
prolate band. Figures 4.4 (j) and (k) show the same plots of the 8+1 and 8
+
2 states, respectively. These
states are oblate deformed but the 8+1 state has dierent property from that of other oblate states.
Details are discussed in Sec. 4.3. Figures 4.4 (a) and (d) show dierent distribution of the 0+1 and
2+1 states. We can consider that the small overlap between these two dierent distribution patterns
suggest the small value of B(E2; 0+1 ! 2+1 ) in 68Ni.
Figure 4.5 shows PESs of 70Ni, and indicates that there are spherical, oblate-deformed, and
prolate-deformed states, such as 68Ni. Figures 4.5 (a), (d), (g), (j) and (m) show similar distribu-
tion patterns of the 0+1 , 2
+
1 , 4
+
1 , 6
+
1 and 8
+
1 states, respectively, with large circles around the spherical
point. Similarly, Figures 4.5 (b), (e), (h), (k) and (o) indicate prolate deformation of the 0+2 , 2
+
2 , 4
+
2 ,
6+2 and 8
+
3 states, respectively, and Figures 4.5 (c), (f), (i), (l) and (n) indicate prolate deformation of
the 0+3 , 2
+
3 , 4
+
3 , 6
+
3 and 8
+
2 states, respectively. Because the prolate minimum of
70Ni is deeper than that
of 68Ni, the yrare 0+, 2+, 4+, and 6+ states are prolate deformed. The calculated energies of the 8+2
and 8+3 states are very close to each other (see Fig. 4.12) and the order of prolate and oblate states are
changed in the 8+ states.
Figure 4.6 shows PESs of 72Ni. There are a wide minimum near spherical shape and a prolate
minimum. The oblate minimum disappears and the spherical minimum is stretched toward oblate
region. Figures 4.6 (b) and (d) indicate prolate deformation of the 0+2 and 2
+
2 states, respectively. In
other states, large circles are spread in the near-spherical region. Figure 4.7 shows PESs of 74Ni. There
are a wide minimum near spherical shape and a shallow prolate minimum. The PES is similar to that
of 72Ni but the prolate minimum is shallow. Figure 4.7 (b) indicates prolate deformation of the 0+2
state. In other states, large circles are distributed in the near-spherical region like in 72Ni. Figure 4.8
shows PESs of 76Ni. There is a wide minimum near spherical shape. Although the prolate minimum
disappears, Figure 4.8 (b) indicates prolate deformation of the 0+2 state. In other states, large circles
are located in the near-spherical region like in 72;74Ni.
In the near-spherical states of 72;74;76Ni, the distribution of the circles is wide in both magnitude and
 direction and indicates -soft deformation. Nonaxial deformation has been studied with theoretical
models, such as the -rigid rotor model [39] and the -unstable rotor model [40]. The potential of the
former has a minimum at a certain value of  and that of the latter is independent of . One of the
features of nonaxial nuclei is the energies of the 2+2 and 4
+
1 states. The 2
+
2 state is lower than the 4
+
1
state in the -rigid rotor model for   30 and these are at the same energy in the -unstable rotor
model. In the MCSM calculations, the 2+2 state is higher than the 4
+
1 state in
74;76Ni. The 2+2 state is
lower than the 4+1 state in
72Ni but it is not nonaxial but prolate deformed. This discrepancy may come
from the extent of collectivity of the nonaxial states. The theoretical models assume collectivity. The
states of the MCSM calculations are mainly characterized by valence neutrons in the g9=2 orbit, which
suggests less collectivity of the states and the states may show dierent property from that of the
models of nonaxial deformation.
Figure 4.9 shows PESs with the circles of the ground states of doubly magic nuclei, 56;68;78Ni.
The distribution patterns of the circles in 56;78Ni show a wider fluctuation than that of 68Ni. On the
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other hand, the overlap probabilities with the closed shell are 60%, 53%, 75% for 56;68;78Ni, respec-
tively. Thus, 56;68;78Ni show variations regarding the appearance of the magicity, which deserve further
investigation.
4.3 Shape coexistence in 68Ni and Type II shell evolution
Figure 4.10 shows the level scheme of 68Ni. 68Ni is an interesting nucleus because its proton number
28 is a magic number and its neutron number 40 is a submagic number. This nucleus has attracted
much attention [7, 10, 11, 12, 13, 14, 15, 34, 41, 42, 43, 44, 45] from both theoretical and experimental
sides. The excitation energy of the 0+2 state was measured as 1770(30) keV [41] and corrected recently
as 1605(3) keV [10] and 1603.5(3) keV [14]. Our calculation reproduces the energy of the 0+2 state
well.
Our results reproduce experimental values including non-yrast and negative-parity states with
slightly high energies. As explained in Sec. 4.2, the 0+1 state of
68Ni is spherical (shown by red in Fig.
4.10), the 0+2 , 2
+
1 , 4
+
1 and 6
+
1 states are oblate (shown by green), and the 0
+
3 , 2
+
2 , 4
+
2 and 6
+
2 states are
prolate (shown by blue). These states form the oblate and prolate bands. The B(E2) values between
the states in the same band are large, which verifies the band structure. The 8+1 state (shown by purple)
has oblate shape but indicates dierent properties from other oblate-deformed states. The 6+1 and 8
+
1
states have close energies and the B(E2; 8+1 ! 6+1 ) value is small. The 8+2 state has high energy and is
not shown in Fig. 4.10.
Ref. [11] suggested the prolate-deformed 0+2 state in the framework of a microscopic collective
model. Shapes of 68Ni have been studied by the shell-model calculations with several eective inter-
actions and dierent correspondence between the 0+ states and the prolate shape has been predicted.
Ref. [12] presented a spherical minimum with an oblate softness on the PES by using a shell-model
eective interaction [23]. Because the PES has no prolate minimum and the 0+2 state is reproduced
well by the interaction, the 0+2 state appears not to be prolate from the interaction. Similar oblate soft-
ness is also seen in the PES of our calculations. A band on the 0+2 state in
68Ni was predicted [12] and
corresponds to the oblate band of our calculations. Ref. [13] presented the highly deformed 0+3 and 2
+
2
states by using the LNPS eective interaction [7]. Ref. [14] presented comparison of the experimental
relative B(E2) values between the 0+ and 2+ states with the shell-model calculations using dierent
interactions. The calculated results using these interactions are consistent with the experiment, within
the uncertainty of the eective interactions. The calculations with some interactions predicted the
2+2 state arising from neutron configurations and those with other interactions predicted the 2
+
2 state
arising from proton excitations. Our MCSM calculations predict the 2+2 and other prolate states with
proton excitations.
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Figure 4.3: PESs of Ni isotopes, coordinated by the Q0 and Q2 (or ). The energy relative to the
minimum is shown by contour plots. The PESs show change of the nuclear shape with increase of
neutron number.
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Figure 4.4: PESs of 68Ni. Circles on the PES represent shapes of MCSM bases (see Sec. 3.7). The
eigenstates correspond to spherical, oblate and prolate shapes and indicate shape coexistence.
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Figure 4.5: PESs of 70Ni. The eigenstates correspond to spherical, oblate and prolate shapes and
indicate shape coexistence, similar to 68Ni.
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Figure 4.6: PESs of 72Ni. The 0+2 and 2
+
2 states are prolate and the other states show -softness.
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Figure 4.7: PESs of 74Ni. The 0+2 state is prolate and the other states show -softness, similar to
72Ni.
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Figure 4.8: PESs of 76Ni. The 0+2 state is prolate and the other states show -softness, similar to
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4.4 Type II shell evolution
Shape coexistence in 68Ni can be explained by introducing the mechanism of Type II shell evolution.
We explain Type II shell evolution using a example of 68Ni. Figures 4.11 (a), (b) show occupation
numbers of the 0+ states of 68Ni for protons and neutrons. In deformed excited states, many nucleons
are excited. The calculation shows that nuclear shell structure depends on configuration of nucleons.
In spherical ground state, small number of nucleons are excited and shell gaps are large. On the other
hand, in deformed excited states, many nucleons are excited and shell gaps become small. This can
be explained qualitatively by using basic property of the tensor force [46]. We call this shell evolution
depending on configuration the type II shell evolution, and call usual shell evolution depending on the
proton or neutron number the type I shell evolution.
68Ni is doubly-magic nucleus with respect to Z = 28 and N = 40 gaps. When there is no exci-
tation across these gaps, the nucleus is spherical. On the other hand, many nucleons are excited in a
deformed state. The energy of deformed state is determined by the sizes of energy loss by excitations
across the gaps and energy gain by correlation between excited nucleons.
As explained in Sec. 3.9, ESPE is determined by occupation numbers of each orbit and the
monopole interaction. Therefore, ESPE can change when occupation numbers are changed by nu-
cleon excitation across the gaps. We calculated ESPE by using expectation values of occupation
numbers of each state in order to discuss the relation between the size of gap and deformation. ESPE
is usually calculated as a dierence between neighboring nuclei (see Sec. 3.9). We regard ni and ni
in Eq. (3.34) as real variables and calculate the ESPE as a functional derivative
*
@E
@ni
+
or
*
@E
@ni
+
with
the expectation values of ni and ni. ESPE is determined by the monopole interaction, which is spher-
ical component of the eective interaction. Non-spherical eects by deformation are not included in
the ESPE, contrary to Nilsson diagram.
A tensor force, a component of nuclear force, plays the crucial role in shell evolution. An orbit
has a spin j> = l + 1=2 or j< = l   1=2. Proton-neutron tensor force between j> and j< is attractive
and that between j> and j> or between j< and j< is repulsive.
Figures 4.11 (a), (b) show the occupation numbers of the 0+ states of 68Ni. Few nucleons are
excited in the ground state. In the excited states, protons are mainly excited from f7=2 ( j>) to f5=2 ( j<)
across Z = 28 gap, and neutrons are mainly excited from f5=2 and p1=2 ( j<) to g9=2 ( j>) across N = 40
gap. Excited neutrons in g9=2 orbit raise the ESPE of proton f7=2 orbit due to the repulsive tensor
force and lower the ESPE of proton f5=2 orbit due to the attractive tensor force. Therefore, neutrons
in g9=2 orbit reduce the Z = 28 gap. Moreover, neutron holes in f5=2 and p1=2 orbits also reduce the
Z = 28 gap. Neutron excitation across N = 40 gap reduces the proton Z = 28 gap. Similarly, proton
excitation across Z = 28 gap reduces the neutron N = 40 gap. When gaps are reduced, nucleons are
excited easily across the gaps. In excited states, reductions of the gaps and nucleon excitations are
interconnected in a self-consistent way.
Figures 4.11 (c), (d) show proton gap between f7=2 and f5=2 as a function of quadrupole moment
Q0. In 68Ni, gap is large near Q0 = 0 and becomes smaller at large Q0. This is explained by the type
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Figure 4.12: Energy levels of 70Ni by (a) present calculation and (b) experiment [32]. The spherical,
oblate and prolate bands are suggested from the MCSM calculations.
II shell evolution. In 74Ni, gap is small near Q0 = 0, dierent from the case of 68Ni. This change of
gap is caused by neutrons in g9=2 orbit and this is an example of type I shell evolution. In 74Ni, the
size of gap does not change at large Q0 and type II shell evolution does not occur, because g9=2 orbit
is occupied by many neutrons. In 58Fe as a typical standard case, gap does not change similar to 74Ni.
4.5 70;72;74;76Ni
Figure 4.12 shows excitation energies of 70Ni. The calculated energies of yrast states and second 2+
reproduce experimental values well. There are three bands with spherical, oblate and prolate shapes,
as explained in Sec. 4.2. Because 70Ni is not closed shell for neutrons, there are spherical 2+1 , 4
+
1 ,
6+1 and 8
+
1 states at the low energy. Prolate-deformed states are lower than oblate-deformed states,
dierent from the case of 68Ni. The PES of our calculations show a deeper prolate minimum of 70Ni
than that of 68Ni. Contrary to our calculations, the PES of Ref. [11] showed a shallower prolate
minimum.
70;72;74;76Ni can be considered simply as a 68Ni core and valence neutrons in g9=2 orbit. We discuss
a simple shell model whose model space is only neutron g9=2 orbit. We need only six parameters
of the eective interaction, SPE of neutron g9=2 and hViJ=0;2;4;6;8. SPE and monopole interaction
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Figure 4.13: Energy levels of 70Ni by (a) MCSM calculation, (b) experiment [32] and (c) shell model
calculation in neutron g9=2 model space. The states shown by blue do not correspond to 68Ni+(g9=2)n
configuration.
only determine the dierence of energies of dierent nuclei, and energy levels of each nucleus are
determined by hViJ=2;4;6;8   hViJ=0.
In Refs. [47, 48], these four parameters are determined by excitation energies of 2+, 4+, 6+ and
8+ yrast states of 70Ni and 76Ni. The parameters are considered to change linearly as N increases.
Experimental values of 70;72;74;76Ni are well reproduced by this simple shell model calculation. Ener-
gies of 70;76Ni yrast states are exactly reproduced because of parameter determination, this model is
important in studying the structure of 72Ni and 74Ni.
Figures 4.13, 4.14, 4.15 and 4.16 show level schemes of 70;72;74;76Ni, respectively. Both calcula-
tions reproduce experiments well. Excitation energies of 70Ni and 76Ni include eects of excitation
across Z = 28 and N = 40; 50 eectively, and energy levels are well reproduced by the simple shell
model. In order to investigate other properties more precisely, we need a larger model space. The
states shown by blue in Figs. 4.13, 4.14, 4.15 and 4.16 are considered to be intruder states, where
protons or neutrons are excited across gaps, and cannot be described in neutron g9=2 model space. The
states of 70Ni shown by blue in Fig. 4.13 are prolate or oblate deformed, as explained by using Fig.
4.12. The states of 72Ni shown by blue in Fig. 4.14 are prolate deformed. These states have lower
energy due to the deep prolate minimum in the PES of 72Ni. The 0+2 state of
74Ni shown by blue in
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Figure 4.14: Energy levels of 72Ni by (a) MCSM calculation, (b) experiment [32, 35, 36] and (c)
shell model calculation in neutron g9=2 model space. The states shown by blue do not correspond to
68Ni+(g9=2)n configuration.
Fig. 4.15 is prolate deformed and has higher energy than that of 72Ni. The 0+2 state of
76Ni shown
by blue in Fig. 4.16 is prolate deformed and the 2+2 and 4
+
2 states of
76Ni show similar distribution
patterns of the circles to yrast states in Fig. 4.8. A few protons and neutrons are excited across the
gaps in the 2+2 and 4
+
2 states.
The 8+ isomer is known in 70;76Ni, but it has not been found experimentally in 72;74Ni. The half-
lives of the 8+1 states from the experiments are T1=2 = 232(1) ns [49] for
70Ni, T1=2 < 18 ns [50] for
72Ni, T1=2 < 60 ns [50] for 74Ni, and T1=2 = 636(90) ns [35, 51] and T1=2 = 409+58 50 ns [52] for
76Ni.
When an isomer with energy Ei and spin Ji decays to a unique state with energy E f and spin J f by
E2 transition, the relation between a lifetime of the isomer  and B(E2; Ji ! J f ) is explained as
1=(s) = 1:223  109  [E(MeV)]5  B(E2; Ji ! J f )(e2fm4); (4.1)
where E = E f   Ei. The B(E2; 8+1 ! 6+1 ) values converted from the experimental half-lives are 12
e2fm4 for 70Ni and 14 e2fm4 and 22 e2fm4 for 76Ni. The B(E2; 8+1 ! 6+1 ) values from the MCSM
calculations are 13 e2fm4 for 70Ni and 19 e2fm4 for 76Ni and agree with the experimental values. In
70;76Ni, there is one 6+ state below the 8+ state and B(E2; 8+1 ! 6+1 ) is small and the 8+1 state becomes
an isomer. In 72;74Ni, there are two 6+ states below the 8+ state. The B(E2; 8+1 ! 6+1;2) values from the
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Figure 4.15: Energy levels of 74Ni by (a) MCSM calculation, (b) experiment [32] and (c) shell model
calculation in neutron g9=2 model space. The states shown by blue do not correspond to 68Ni+(g9=2)n
configuration.
MCSM calculations are 22, 29 e2fm4 for 72Ni, respectively, and 8, 42 e2fm4 for 74Ni, respectively, and
the lifetimes of the 8+1 state in
72;74Ni become short. Experimental values of excitation energies are
necessary to more quantitative discussion because lifetime of E2 transition is sensitive to the energy
dierence.
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4.6 Cu isotopes
Figure 4.17 shows energy levels for yrast states of Cu isotopes. Spins and parities of ground states
are 3=2  in N  44 and change to 5=2  in N  46. This is explained by using property of tensor
force. When neutrons occupy g9=2 ( j>) orbit, ESPE of proton p3=2 ( j>) increases and ESPE of proton
f5=2 ( j<) decreases. These two orbits are considered to cross each other between N = 44 and N = 46.
This is an example of type I shell evolution.
Figure 4.18 shows magnetic dipole moments for ground states of Cu isotopes. We calculated
with parameters gs = 5:586  0:7; 3:826  0:7 (proton and neutron, respectively) and gl = 1:1; 0:1
(proton and neutron, respectively). The calculation reproduces experiments well and properties of
ground states are well described.
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are experimental data [53, 54] and red line is the present MCSM calculations. Experimental errors
are negligibly small and not shown. The MCSM calculations reproduce experimental values well.
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Summary
We improved the eective interaction for the p f g9d5 model space and performed MCSM calculations
of Ni and Cu isotopes in this large model space. Our calculations reproduced experimental values well
and predicted unmeasured values. We used new analysis method of nuclear intrinsic shapes by using
MCSM bases and discussed shape evolution in Ni isotopes including shape coexistence in 68;70Ni,
-soft deformation in 72;74;76Ni and shape fluctuation in doubly-magic nuclei 56;68;78Ni. We introduced
the mechanism called Type II shell evolution, where shell structure is configuration-dependent within
the same nucleus mainly due to the tensor force. Shape coexistence in 68Ni can be explained by using
Type II shell evolution. In 68Ni, there are two self-consistently determined shell structures. One has
large Z = 28 and N = 40 shell gaps with a spherical shape and the other has reduced Z = 28 and
N = 40 shell gaps with a largely deformed shape. Thus, there are spherical and prolate minima in
68Ni. We discussed the properties of 70;72;74;76Ni with comparison to 68Ni+(g9=2)n configuration. Our
calculations could describe the states where 68Ni+(g9=2)n configuration is broken and nucleons are
excited across the shell gaps. We discussed the 8+ isomerism in 70;72;74;76Ni by using our calcula-
tions and experimental results. Finally, we discuss the properties of the ground states of Cu isotopes
including the change of the ground state spin.
These various results were obtained from the same eective interaction and this interaction can
be expected to predict various properties. Our results include various predictions. Predicted values
such as excitation energies need to be checked by experiments. Excitation energy of the 2+1 state of
78Ni is the important value related to the shell gap and magicity of N = 50. Predictions of the shape
coexistence and the band structures in 68;70Ni should be investigated by experiments measuring not
only excitation energies but also other values such as relative and absolute B(E2) values. The MCSM
calculations of the region around Ni isotopes with this interaction or its improved version in a larger
model space are expected to describe and predict various properties of the nuclei.
Our new analysis method of nuclear intrinsic shapes in the MCSM have both accuracy of the state
in the shell-model methods and the intuitive picture of the shape in the mean-field approaches. This
method can be useful in the MCSM calculations with dierent interactions. Type II shell evolution
can occur in other regions of mass number where shell gaps are located between j> and j< orbits
and the order of j> and j< orbits is opposite in proton and neutron shell structures. The mechanism
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of Type II shell evolution can be useful to explain shape coexistence in other regions. Our analysis
method of shape can also be useful to explain it when the MCSM calculations are performed with a
properly constructed eective interaction.
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